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Abstract
In this paper, two classes of bounded analytic functions defined by a certain
positivity condition concerning the the Bergman kernel on the unit disk are intro-
duced and studied. Then, analytic functions from the unit disk to an annulus appear
naturally, and they characterize our classes. Moreover, we discuss the structure of
sub-Hardy Hilbert spaces induced by those functions.
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1 Introduction
Let D be the open unit disk in the complex plane C, and let H∞ be the Banach algebra
consisting of all bounded analytic functions on D. Then, we set
S = {f ∈ H∞ : |f(λ)| ≤ 1 (λ ∈ D)},
and which is called the Schur class. For any function f in H∞, it is well known that f
belongs to S if and only if
1− f(λ)f(z)
1− λz
is positive semi-definite. This equivalence relation is essentially based on the properties of
Szego¨ kernel, and is crucial in the operator theory on the Hardy space over D, in particular,
1
Pick interpolation, the theory of de Branges-Rovnyak spaces and the theory of sub-Hardy
Hilbert spaces (see Agler-McCarthy [2], Ball-Bolotnikov [4], Fricain-Mashreghi [6] and
Sarason [9]). Now, the purpose of this paper is to give similar equivalence relations derived
from the Bergman kernel on D, and to explore its consequences. Before stating our study
more precisely, we should mention that Zhu [11, 12] studied the de Branges-Rovnyak space
induced by the kernel function
1− f(λ)f(z)
(1− λz)2
in the Bergman space over D. This space is called a sub-Bergman Hilbert spaces and well
studied by a number of authors (see Abkar-Jafarzadeh [1], Ball-Bolotnikov [3], Chu [5],
Nowak-Rososzczuk [7] and Sultanic [10]). On the other hand, our kernel function studied
in this paper is slightly different from that in the theory of sub-Bergman Hilbert spaces.
We deal with de Branges-Rovnyak spaces induced by the kernel function(
1− f(λ)f(z)
1− λz
)2
=
1− 2f(λ)f(z) + f(λ)2f(z)2
(1− λz)2 .
We note that our kernel function is naturally obtained from the theory of hereditary func-
tional calculus for the Bergman kernel on D (see Example 14.48 in [2]).
This paper is organized as follows. Section 1 is this introduction. In Section 2, two
classes of bounded analytic functions on D related to our kernel functions are introduced.
In Section 3, we focus on the structure of sub-Hardy Hilbert spaces induced by the bounded
analytic functions in our two classes. In Section 4, the structure of the de Branges-Rovnyak
space induced by our kernel function is discussed.
2 SB and S1B
Let L2a be the Bergman space over D. For any function f inH
∞, the multiplication operator
by f on L2a will be denoted Bf .
Definition 2.1. We define a subclass SB of H∞ as follows:
SB = {f ∈ H∞ : 1− 2f(λ)f(z) + f(λ)
2
f(z)2
(1− λz)2 is positive semi-definite}.
An elementary argument with the Bergman kernel on D shows that
SB = {f ∈ H∞ : I − 2BfB∗f +Bf2B∗f2 ≥ 0}.
A characterization of SB is given in the following theorem. We set
S−1 = {f ∈ H∞ : 1 < |f(λ)| (λ ∈ D)}.
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Theorem 2.2. SB = S ∪ S−1.
Proof. First, we assume that f belongs to SB. If |f(λ)| = 1 for some λ in D, then we have
det


(1− |f(λ)|2)2
(1− |λ|2)2
(1− f(λ)f(µ))2
(1− λµ)2
(1− f(µ)f(λ))2
(1− µλ)2
(1− |f(µ)|2)2
(1− |µ|2)2

 = −
∣∣∣∣∣(1− f(λ)f(µ))
2
(1− λµ)2
∣∣∣∣∣
2
≥ 0
for any µ in D. This implies that f(D) does not intersect with the unit circle whenever f
is not a unimodular constant. Hence f is in S ∪ S−1.
Next, we suppose that f is a function in S ∪ S−1. If f is in S, then, it follows from
Schur’s theorem that
1− 2f(λ)f(z) + f(λ)2f(z)2
(1− λz)2 =
(
1− f(λ)f(z)
1− λz
)2
is positive semi-definite. Hence, f belongs to SB. If f is in S−1, that is, 1/f is in S, then
we have
1− 2f(λ)f(z) + f(λ)2f(z)2
(1− λz)2 =
(
f(λ)f(z)− 1
1− λz
)2
=
(
1− (1/f(λ))(1/f(z))
1− λz f(λ)f(z)
)2
is positive semi-definite by Schur’s theorem. Hence, f belongs to SB.
Definition 2.3. We define a subclass S1B of SB as follows:
S1B = {f ∈ H∞ : 0 ≤ 2BfB∗f − Bf2B∗f2 ≤ I}.
A characterization of S1B is given in the following theorem.
Theorem 2.4. S1B = S ∪ {f ∈ H∞ : 1 < |f(λ)| ≤
√
2 (λ ∈ D)}.
Proof. In this proof, we set
S−1√
2
= {f ∈ H∞ : 1 < |f(λ)| ≤
√
2 (λ ∈ D)}.
First, we suppose that f belongs to S1B. Then, since
0 ≤ 2|f(λ)|
2 − |f(λ)|4
(1− |λ|2)2 ≤
1
(1− |λ|2)2
for any λ in D, we have
0 ≤ 2|f(λ)|2 − |f(λ)|4 ≤ 1.
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This inequality concludes that |f(λ)| ≤ √2 for any λ in D. Hence f belongs to √2S.
Moreover, since f belongs to SB by definition, it follows from Theorem 2.2 that f belongs
to S ∪ S−1√
2
.
Next, we suppose that f belongs to S ∪ S−1√
2
. Then, it follows from Theorem 2.2 that
f belongs to SB. Hence we have
I − 2BfB∗f +Bf2B∗f2 ≥ 0.
Moreover, since BfB
∗
f ≤ 2I, we have
2BfB
∗
f − Bf2B∗f2 = Bf(2I − BfB∗f )B∗f ≥ 0.
Hence, we have the conclusion.
3 Sub-Hardy Hilbert spaces induced by functions in
S−1
In this section, we study the structure of sub-Hardy Hilbert spaces induced by functions
in S−1. The general case where |ϕ| > 1 and the restricted case where 1 < |ϕ| < √2
are discussed in Subsections 3.1 and 3.2, respectively. We note that those two cases are
derived from Theorem 2.2 and Theorem 2.4, respectively. From now on, we will use the
same notations for de Branges-Rovnyak spaces and sub-Hardy Hilbert spaces as in [9].
3.1 |ϕ| > 1
Let ϕ be a function in S−1. The multiplication operator by ϕ on the Hardy space H2 over
D will be denoted Tϕ. Then, TϕT
∗
ϕ − I is positive semi-definite. Hence, sub-Hardy Hilbert
space
K(ϕ) :=M(
√
TϕT ∗ϕ − I)
is defined. It is easy to see that the reproducing kernel of K(ϕ) is
ϕ(λ)ϕ(z)− 1
1− λz . (1)
First, we note that the operator equality
TϕT
∗
ϕ − I = Tϕ(I − T1/ϕT ∗1/ϕ)T ∗ϕ,
implies that
K(ϕ) =M(
√
TϕT ∗ϕ − I) = TϕM(
√
I − T1/ϕT ∗1/ϕ) = TϕH(1/ϕ) (2)
as Hilbert spaces. It follows from (II-7) in [9] that H(1/ϕ) is invariant under S∗ = Tz.
Moreover, we have the following fact.
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Lemma 3.1. K(ϕ) is invariant under S∗ = Tz.
Proof. The same proof as that of (II-7) in [9] applies to K(ϕ).
Let X be the restriction S∗|H(1/ϕ) of S∗ = Tz on H(1/ϕ) as in p.11 of [9], and similarly,
let Y be the restriction S∗|K(ϕ) on K(ϕ).
Lemma 3.2. The following formulae hold.
(i) X∗h = Sh− 〈h, S∗ 1
ϕ
〉H(1/ϕ) 1
ϕ
for any function h in H(1/ϕ),
(ii) Y ∗h = Sh+ 〈h, S∗ϕ〉K(ϕ)ϕ for any function h in K(ϕ).
Proof. For (i), see (II-9) in [9], and the same proof applies to (ii).
Lemma 3.3. S∗
1
ϕ
= − 1
ϕ(0)ϕ
S∗ϕ.
Proof. Since S∗(ϕ · 1
ϕ
) = S∗1 = 0 and
S∗(ϕ · 1
ϕ
) = ϕS∗
1
ϕ
+
1
ϕ(0)
S∗ϕ,
we have the conclusion.
It follows from (2) and Lemma 3.3 that S∗ϕ belongs to K(ϕ). Indeed, by (II-8) in [9],
S∗(1/ϕ) belongs to H(1/ϕ). Let V denote the invertible operator defined as
V : K(ϕ)→H(1/ϕ), f 7→ 1
ϕ
f.
Lemma 3.4. V is isometric.
Proof. Let f and g be functions in K(ϕ). Then, by (2), f and g have the following
representation:
f = Tϕ(I − T1/ϕT ∗1/ϕ)1/2u, g = Tϕ(I − T1/ϕT ∗1/ϕ)1/2v,
where u and v are taken from the orthogonal complement of the kernel of Tϕ(I−T1/ϕT ∗ϕ)1/2.
Then, we have
〈f, g〉K(ϕ) = 〈f, g〉TϕH(1/ϕ)
= 〈Tϕ(I − T1/ϕT ∗1/ϕ)1/2u, Tϕ(I − T1/ϕT ∗1/ϕ)1/2v〉TϕH(1/ϕ)
= 〈u, v〉H2
= 〈(I − T1/ϕT ∗1/ϕ)1/2u, (I − T1/ϕT ∗1/ϕ)1/2v〉H(1/ϕ)
= 〈V f, V g〉H(1/ϕ).
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Lemma 3.4 shows that the Hilbert space structures of H(1/ϕ) and K(ϕ) are essentially
the same. However, the structure of K(ϕ) as an invariant subspace (assumed not to be
closed in H2) of S∗ is slightly different from that of H(1/ϕ).
Theorem 3.5. Y is unitarily equivalent to a rank one perturbation of X.
Proof. By Lemmas 3.2, 3.3 and 3.4, we have
V Y ∗V ∗h−X∗h = 1
ϕ
(Sϕh+ 〈ϕh, S∗ϕ〉K(ϕ)ϕ)− Sh+ 〈h, S∗ 1
ϕ
〉H(1/ϕ) 1
ϕ
= 〈ϕh, S∗ϕ〉K(ϕ) + 〈h, S∗ 1
ϕ
〉H(1/ϕ) 1
ϕ
= 〈ϕh, S∗ϕ〉K(ϕ) + 〈h, −1
ϕ(0)ϕ
S∗ϕ〉H(1/ϕ) 1
ϕ
= 〈ϕh, S∗ϕ〉K(ϕ) − 〈h, V S∗ϕ〉H(1/ϕ) 1
ϕ(0)ϕ
= 〈ϕh, S∗ϕ〉K(ϕ) − 〈V ∗h, S∗ϕ〉K(ϕ) 1
ϕ(0)ϕ
= 〈ϕh, S∗ϕ〉K(ϕ) − 〈ϕh, S∗ϕ〉K(ϕ) 1
ϕ(0)ϕ
= 〈ϕh, S∗h〉K(ϕ)(1− 1
ϕ(0)ϕ
).
3.2 1 < |ϕ| < √2
In this subsection, we assume that 1 < |ϕ(λ)| < √2 for any λ in D. Then, TϕT ∗ϕ − I and
2I − TϕT ∗ϕ are positive and contractive. In particular, another sub-Hardy Hilbert space
L(ϕ) :=M(
√
2I − TϕT ∗ϕ)
is defined. Since
M(
√
2I − TϕT ∗ϕ) =M(
√
I − Tϕ/√2T ∗ϕ/√2) = H(ϕ/
√
2)
as operator ranges, L(ϕ) is invariant under S∗ = Tz by (II-7) in [9]. These K(ϕ) and L(ϕ)
give a decomposition of H2.
Theorem 3.6. If 1 < |ϕ(λ)| < √2 for any λ in D, then the following equalities hold.
(i) K(ϕ) = H(√2I − TϕT ∗ϕ),
(ii) L(ϕ) = H(√TϕT ∗ϕ − I),
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(iii) H2 = K(ϕ) + L(ϕ).
Proof. Since
[I − (2I − TϕT ∗ϕ)1/2(2I − TϕT ∗ϕ)1/2]1/2 = (TϕT ∗ϕ − I)1/2 (3)
and
[I − (TϕT ∗ϕ − I)1/2(TϕT ∗ϕ − I)1/2]1/2 = (2I − TϕT ∗ϕ)1/2, (4)
we have (i) and (ii). Further, by (i) and (ii), we have
H2 =M(
√
TϕT ∗ϕ − I) +H(
√
TϕT ∗ϕ − I) = K(ϕ) + L(ϕ).
The decomposition of H2 obtained in Theorem 3.6
H2 = K(ϕ) + L(ϕ). (5)
might be rather interesting, because, H2 cannot be decomposed into a sum of two nontrivial
closed invariant subspaces of S∗. We shall consider the following operator:
T : K(ϕ)⊕ L(ϕ)→ H2, f ⊕ g 7→ f + g.
Then, we have
M(T) =M
(√
(TϕT ∗ϕ − I) + (2I − TϕT ∗ϕ)
)
=M(I) = H2.
Let Z be the restriction S∗|L(ϕ) on L(ϕ). Then we have
Z∗h = Sh− 〈h, S∗ϕ〉L(ϕ)ϕ
for any function h in L(ϕ) similarly to Lemma 3.2. Our observation is summarized in the
following proposition and remark.
Proposition 3.7. The following diagram commutes:
K(ϕ)⊕ L(ϕ) T−−−→ H2
Y⊕Z
y yS∗
K(ϕ)⊕ L(ϕ) −−−→
T
H2.
Moreover, T is a partial isometry and kerT is isomorphic to the overlapping space K(ϕ)∩
L(ϕ).
Remark 3.8. We note that T is not an intertwiner of Y ∗ ⊕ Z∗ and S. However, for any
h1 in K(ϕ) and h2 in L(ϕ), we have
T(Y ∗ ⊕ Z∗)(h1 ⊕ h2)− ST(h1 ⊕ h2) = (〈h1, S∗ϕ〉K(ϕ) − 〈h2, S∗ϕ〉L(ϕ))ϕ.
Hence, T(Y ∗ ⊕ Z∗)− ST is of rank one.
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4 de Branges-Rovnyak spaces induced by SB
Let ϕ be a function in SB. Then, its de Branges-Rovnyak space
HB(ϕ) =M
(√
I − 2BϕB∗ϕ + Bϕ2B∗ϕ2
)
is defined. It is easy to see that the kernel function of HB(ϕ) is
1− 2ϕ(λ)ϕ(z) + ϕ(λ)2ϕ(z)2
(1− λz)2 =
(1− ϕ(λ)ϕ(z))2
(1− λz)2 . (6)
In this section, we study the structure of HB(ϕ).
First, we assume that ϕ is a nonconstant function in S. Then the usual de Branges-
Rovnyak space H(ϕ) = M((I − TϕT ∗ϕ)1/2) is defined. Moreover, (6) shows that HB(ϕ) is
the product of two H(ϕ)’s. In other words, HB(ϕ) is the pull-back of the tensor product
reproducing kernel Hilbert space H(ϕ) ⊗ H(ϕ) on D2 along the diagonal map ∆ : λ 7→
(λ, λ) (see p.71 and p.75 in Paulsen-Raghupathi [8] for details). Let kϕλ and K
ϕ
λ denote
reproducing kernels of H(ϕ) and HB(ϕ), respectively.
Lemma 4.1. Suppose that f is a nonconstant function in S. If ϕ is nonextreme in the
unit ball of H∞, then HB(ϕ) is invariant under Bz.
Proof. Let Lz be the left multiplication operator f ⊗ g 7→ (zf) ⊗ g, where f and g are
functions in H(ϕ). Then, by (IV-5) in [9], Lz is a bounded linear operator on H(ϕ)⊗H(ϕ).
Let L∗z denote the adjoint operator of Lz with respect to the inner product of H(ϕ)⊗H(ϕ).
Since ker∆ = {F ∈ H(ϕ) ⊗ H(ϕ) : F (z, z) = 0} is invariant under Lz, the orthogonal
complement (ker∆)⊥ of ker∆ in H(ϕ)⊗H(ϕ) is invariant under L∗z. Moreover, it is easy
to see that L∗z(k
ϕ
λ ⊗ kϕλ ) = λ(kϕλ ⊗ kϕλ ). Let U be the unitary operator from (ker∆)⊥ onto
HB(ϕ) induced by the diagonal map ∆. Then, we have
UL∗z|(ker∆)⊥U∗Kϕλ = UL∗z(kϕλ ⊗ kϕλ ) = Uλ(kϕλ ⊗ kϕλ ) = λKϕλ .
Hence W : Kϕλ 7→ λKϕλ defines a bounded linear operator on HB(ϕ). Since
λf(λ) = 〈f,WKϕλ 〉HB(ϕ) = 〈W ∗f,Kϕλ 〉HB(ϕ) = (W ∗f)(λ)
for any function f in HB(ϕ), W ∗ is the multiplication operator by z on HB(ϕ). This
concludes the proof.
Theorem 4.2. Suppose that ϕ is a nonconstant function in S. If ϕ is nonextreme in the
unit ball of H∞, then the following statements are equivalent.
(i) The restriction of Bz to HB(ϕ) is contractive with respect to the norm of HB(ϕ),
(ii) I − 2TϕT ∗ϕ + Tϕ2T ∗ϕ2 ≥ 0 on H2.
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Proof. Let kλ denote the Szego¨ kernel. Since W
∗ = Bz|HB(ϕ) as we showed in the proof of
Lemma 4.1, we have
〈(I −W ∗W )
n∑
i=1
ciK
ϕ
λi
,
n∑
j=1
cjK
ϕ
λj
〉HB(ϕ)
=
n∑
i,j=1
cicj(1− λiλj)(1− ϕ(λi)ϕ(λj))
2
(1− λiλj)2
=
n∑
i,j=1
cicj
1− 2ϕ(λi)ϕ(λj) + ϕ(λi)2ϕ(λj)2
1− λiλj
= 〈(1− 2TϕT ∗ϕ + Tϕ2T ∗ϕ2)
n∑
i=1
cikλi,
n∑
j=1
cjkλj〉H2 .
Hence, (i) and (ii) are equivalent.
Example 4.3. Suppose that 0 < r < 1. Then, rz is nonextreme in the unit ball of H∞.
Moreover, with the standard matrix representation of Toeplitz operators on H2, we have
I − 2TrzT ∗rz + Tr2z2T ∗r2z2 = I − 2r2TzT ∗z + r4Tz2T ∗z2
=


1 0 0 · · ·
0 1− 2r2 0 . . .
0 0 1− 2r2 + r4 . . .
...
. . .
. . .
. . .

 .
Hence, we concludes that
I − 2TrzT ∗rz + Tr2z2T ∗r2z2 ≥ 0
if and only if r ≤ 1/√2.
Further, we have the following.
Theorem 4.4. Suppose that ϕ is a function in S−1. If 1/ϕ is nonextreme in the unit ball
of H∞, then the following conditions are equivalent.
(i) The restriction of Bz to HB(ϕ) is contractive with respect to the norm of HB(ϕ),
(ii) I − 2TϕT ∗ϕ + Tϕ2T ∗ϕ2 ≥ 0 on H2.
Proof. If 1/ϕ is nonextreme, then K(ϕ) = TϕH(1/ϕ) is invariant under S = Tz by (IV-5)
in [9]. Hence, the same proof as that of Theorem 4.2 applies to this case.
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